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Algebraic Hypermap Morphisms
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We introduce algebraic hypermap morphisms, we give a natural definition of degree and branch
number of morphisms, and we prove that the Riemann–Hurwitz formula holds.
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1. INTRODUCTION
Algebraic hypermaps combinatorially describe topological hypermaps, that is, embeddings
of hypergraphs on compact orientable surfaces. It turns out that algebraic hypermaps enjoy
several properties of Riemann surfaces. For instance, each algebraic hypermap has its genus,
and the analogue of Riemann–Hurwitz formula for Riemann surfaces was proved to hold for
a quotient hypermap with respect to a group of automorphisms by Machı` [10], and, more
generally, with respect to a congruence by Cacciari [1]. Furthermore, topological hypermaps
are essentially what Grothendieck called dessins d’enfants, and as such they are strictly related
to Belyı˘ functions, so that there exists a faithful action of the absolute Galois group of the
rationals on them (see [7–9, 11]).
We recall the definition of hypermaps. For any set  we denote by Sym() the group of
all permutations of . An algebraic hypermap H is a triple (, σ, α), where  is a finite set,
σ, α ∈ Sym(), and the group 〈σ, α〉 generated by σ and α is transitive on . We refer to [2]
and [4] for the main properties of hypermaps and for the connection between algebraic and
topological hypermaps. The elements of  are called darts, the cycles of σ , α, and σα are
called vertices, edges, and faces, respectively. Furthermore, the vertices, the edges and the
faces are all called cells of the hypermap. The genus g of a hypermap H = (, σ, α) with
|| = n is defined by the following relation
n + 2− 2g = z(σ )+ z(α)+ z(σα), (1)
where z(γ ) is the number of the orbits of under the action of γ for any γ ∈ Sym(), which
is called the genus formula.
In this paper we introduce hypermap morphisms. Our definition is analogous to that given
in [6] for maps. Then we give a natural notion of degree and branch number of hypermap
morphisms. We show that several basic concepts and results related to Riemann surface mor-
phisms can be given for hypermap morphisms. In particular we prove that the usual Riemann–
Hurwitz formula holds.
THEOREM 1.1. Let 8 : H → H′ be a hypermap morphism with degree m and branch
number B. Let g and g′ be the genera ofH andH′, respectively. Then
2g − 2 = m (2g′ − 2)+ B. (2)
In Section 2 we introduce some notation, and we investigate the main properties of hyper-
map morphisms. In Section 3 we prove the Riemann–Hurwitz formula, and deduce several
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consequences of itself. Finally, in Section 4 we deal with the special case of projection mor-
phisms of a hypermap onto a quotient of itself.
We give below some basic notation.
— We put G(H) = 〈σ, α〉.
— For any permutation γ ∈ G(H), we let Z(γ ) denote the set of all the cycles of γ
(including the cycles of length 1), and set z(γ ) = |Z(γ )|. Moreover we set
Z(H) =
⋃
γ∈G(H)
Z(γ ).
— For any c ∈ Z(H), we denote the length of c by |c|.
— If f : X → Y and g : Y → Z , then we let ( f g)(x) = f (g(x)) for all x ∈ X .
2. HYPERMAP MORPHISMS
We start introducing morphisms between hypermaps.
DEFINITION 2.1. Given two hypermapsH = (, σ, α) andH′ = (′, σ ′, α′), a morphism
8 fromH toH′ is a map ϕ : → ′ such that σ ′ϕ = ϕσ and α′ϕ = ϕα. If ϕ is also bijective,
we say that 8 is an isomorphism.
This definition is analogous to that given in [6] for maps. Nevertheless, we point out the
definition given there is redundant in also requiring a group homomorphism between G(H)
and G(H′), as we shall prove below.
LEMMA 2.2. Let8 : H→ H′ be a hypermap morphism. Then the underlying map ϕ from
 to ′ is surjective.
PROOF. Fix any y0 ∈ ϕ(), and pick any x0 ∈  such that ϕ(x0) = y0. Since G(H′) is
transitive, for any y ∈ ′, there exists γ ′ ∈ G(H′) such that y = γ ′(y0). Let w(σ ′, α′) be a
word in σ ′ and α′ which represents γ ′. Then y = w(σ ′, α′)(ϕ(x0)) = ϕ(w(σ, α)(x0)). 2
PROPOSITION 2.3. Let 8 : H→ H′ be a hypermap morphism. Then, for any γ ∈ G(H),
there exists a unique γ ′ ∈ G(H′) such that γ ′ϕ = ϕγ . The map ϕ∗ : G(H)→ G(H′), given
by γ 7→ γ ′, is a surjective group homomorphism.
PROOF. We take any expression of γ as a word in α and σ , say γ = w(σ, α), and set
γ ′ = w(σ ′, α′). Then we have γ ′ϕ = ϕγ . Since ϕ is surjective, γ ′ is the unique map of ′
onto itself satisfying this relation; in particular, γ ′ does not depend on the choice of the rep-
resentation w(σ, α) of γ . Then it is immediately observed that ϕ∗ is a group homomorphism;
moreover it is surjective, since ϕ∗(σ ) = σ ′ and ϕ∗(α) = α′. 2
It is clear that if 8 is an isomorphism, then ϕ∗ is a group isomorphism. The converse is
false, as we see in the following example.
EXAMPLE 2.4. Let S3 be the symmetric group on {1, 2, 3} and set a = (1 2)(3), and
s = (1 2 3). Consider the regular permutation representation ρ : S3 → Sym(S3) given by left
multiplication, ρ(x)(y) = xy for all x , y in S3. Set α = ρ(a) and σ = ρ(s). Now consider the
hypermapsH = (, σ, α) with = S3, andH′ = (′, s, a) with′ = {1, 2, 3}. Then define
ϕ :  → ′ by ϕ(x) = x(1) for each x in . Thus, ϕ determines a hypermap morphism
8 : H→ H′. In fact, we have (aϕ)(x) = a(x(1)) = (ρ(a)(x))(1) = (α(x))(1) = (ϕα)(x),
for each x ∈ . Similarly we find that sϕ = ϕσ . It is clear that ϕ∗(= ρ−1) is a group
isomorphism; however,H andH′ are non-isomorphic, since || > |′|.
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Note that the above example can be generalized to any transitive two-generated permutation
group which is not regular. In particular, this applies to all symmetric groups, taking  = Sn ,
′ = {1, . . . , n}, a = (1 2), and s = (1 . . . n) or s = (2 . . . n).
Now we shall show that hypermap morphisms enjoy the basic properties of Riemann surface
morphisms (see, e.g., [5, Sections I.1 and I.2]).
PROPOSITION 2.5. Let8 : H→ H′ be a hypermap morphism. Then, for any y1 and y2 in
′, |ϕ−1(y1)| = |ϕ−1(y2)|.
PROOF. Fix some x1 and some x2 in , such that ϕ(x1) = y1 and ϕ(x2) = y2. Since
G(H) is transitive, there exists some γ ∈ G(H) such that x2 = γ (x1). Then, for any x ∈
ϕ−1(y1), we have γ (x) ∈ ϕ−1(y2). Hence, the restriction of γ to ϕ−1(y1) is a bijection
between ϕ−1(y1) and ϕ−1(y2). 2
Therefore, we can define the degree of a hypermap morphism.
DEFINITION 2.6. If 8 : H→ H′ is a hypermap morphism, the degree of 8 is the number
|ϕ−1(y)|, where y is any element of ′.
We remark that if 8 has degree m, then since ϕ is surjective we have the relation || =
m|′|.
PROPOSITION 2.7. Let 8 : H → H′ be a hypermap morphism, and c ∈ Z(H). Assume
that c = (x1, . . . , xh) and let yi = ϕ(xi ) for i = 1, . . . , h. Then there exists k dividing h such
that:
(1) y1, . . . , yk are all distinct and y j+k = y j for 1 ≤ j ≤ h − k.
(2) (y1, . . . , yk) ∈ Z(H′); more precisely, if c ∈ Z(γ ), with γ ∈ G(H), then (y1, . . . , yk) ∈
Z(ϕ∗(γ )).
PROOF. For any γ ∈ G(H) with c ∈ Z(γ ), we have yi+1 = γ ′(yi ) for i = 1, . . . , h − 1,
and y1 = γ ′(yh), where γ ′ = ϕ∗(γ ); hence, {y1, . . . , yh} is an orbit of γ ′. Let k be the greatest
integer r such that y1, . . . , yr are distinct. Then it is is immediately observed that γ ′(yk) = y1,
so that (y1, . . . , yk) is a cycle of γ ′. Moreover we obtain that y j+k = y j for j = 1, . . . , h−k;
in particular, we have that k divides h. 2
By Proposition 2.7 we can define a map between the cycles. We still denote this map by ϕ∗,
since this does not give rise to confusion (see also Remark 1 below).
DEFINITION 2.8. Let 8 : H → H′ be a hypermap morphism. We define ϕ∗ : Z(H)
→ Z(H′) as follows. If (x1, . . . , xh) ∈ Z(H), and yi and k are as in Proposition 2.7, we set
ϕ∗((x1, . . . , xh)) = (y1, . . . , yk).
REMARKS. (1) If γ ∈ G(H) and Z(γ ) = {c1, . . . , cr }, then ϕ∗(c1), . . . , ϕ∗(cr ) are ex-
actly the cycles of ϕ∗(γ ), possibly with repetitions. Thus ϕ∗ maps Z(γ ) onto Z(ϕ∗(γ )).
(2) Since |ϕ∗(c)| divides |c|, for all c ∈ Z(H), we may think of |c|/|ϕ∗(c)| as the multi-
plicity with which the value ϕ∗(c) is taken on at c.
(3) If c = (x1, . . . , xh), and if we denote the set {x1, . . . , xh} by {c}, then we have
|c|
|ϕ∗(c)| = | {x ∈ {c} | ϕ(x) = x1} | and |ϕ∗(c)| = |ϕ({c})|.
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So, in analogy with the Riemann surface case, we define the ramification and branch num-
bers.
DEFINITION 2.9. Let 8 : H → H′ be a hypermap morphism. For each c ∈ Z(H) we
define the ramification number of 8 at c as the (positive) integer |c|/|ϕ∗(c)|. We define the
branch number of 8 at c as
b8(c) = |c||ϕ∗(c)| − 1. (3)
The next result shows that if 8 has degree m then, for any γ ∈ G(H), the restriction of ϕ∗
to Z(γ ) is a map onto Z(ϕ∗(γ )) with all the fibres of cardinality m, counting multiplicities.
PROPOSITION 2.10. Let 8 : H → H′ be a hypermap morphism of degree m, and let
c′ ∈ Z(H′). Then, for any γ ∈ G(H) with c′ ∈ Z(ϕ∗(γ )), we have∑
c∈Z(γ )
ϕ∗(c)=c′
(b8(c)+ 1) = m. (4)
PROOF. Fix any y ∈ c′, and consider ϕ−1(y), whose cardinality is m. Let γ ∈ G(H) with
c′ ∈ Z(ϕ∗(γ )). Since  = ∪c∈Z(γ ){c}, we have
ϕ−1(y) =
⋃
c∈Z(γ )
ϕ∗(c)=c′
{x ∈ c | ϕ(x) = y}.
Considering the cardinality of these sets, we obtain the result. 2
Thus, we can say that a hypermap morphism 8 : H → H′ induces a ‘ramified m-sheeted
cover’ of Z(H′) by Z(H). Indeed, we also have a ‘ramified m-sheeted cover’ of the cells of
H′ by the cells ofH.
DEFINITION 2.11. Let 8 : H → H′ be a hypermap morphism. For γ ∈ G(H) let
b8(γ ) = ∑
c∈Z(γ )
b8(c). We define the (total) branch number of 8 as
B8 = b8(σ )+ b8(α)+ b8(σα). (5)
If B8 = 0 we say that 8 : H→ H′ is unramified.
It is obvious that an isomorphism is unramified. Moreover, we remark that 8 is unramified
if and only if c and ϕ∗(c) have the same length, for all cells.
EXAMPLE 2.12. We turn back to Example 2.4 and write down explicitly ϕ and ϕ∗. We
have
ϕ =
( 1 s s2 a sa s2a
1 2 3 2 3 1
)
.
We have the following disjoint cycle decompositions: σ = (1 s s2)(a sa s2a), α = (1 a)
(s s2a)(s2 sa), and σα = (1 sa)(s a)(s2 s2a). Thus
ϕ∗(1 s s2) = (1 2 3), ϕ∗(a sa s2a) = (2 3 1),
ϕ∗(1 a) = (1 2), ϕ∗(s s2a) = (2 1), ϕ∗(s2 sa) = (3),
ϕ∗(1 sa) = (1 3), ϕ∗(s a) = (2), ϕ∗(s2 s2a) = (3 1).
Hence 8 is ramified at (s2 sa) and (s a), with branch numbers 1, while it is unbranched at all
other cells. Finally, the total branch number of this morphism is 2.
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3. THE RIEMANN–HURWITZ FORMULA
In this section we prove the Riemann–Hurwitz formula for hypermap morphisms. We need
the following lemma, which is of interest in itself.
LEMMA 3.1. Let 8 : H → H′ be a hypermap morphism of degree m, and γ ∈ G(H).
Then, putting γ ′ = ϕ∗(γ ), we have
b8(γ ) = m z(γ ′)− z(γ ). (6)
PROOF. The relation is obtained by a simple calculation:
b8(γ ) =
∑
c∈Z(γ )
(b8(c)+ 1)− z(γ ) =
∑
c′∈Z(γ ′)
 ∑
c∈Z(γ )
ϕ∗(c)=c′
(b8(c)+ 1)
− z(γ )
= z(γ ′)m − z(γ ). 2
Now we can prove the Riemann–Hurwitz formula, stated in Theorem 1.1.
PROOF OF THEOREM 1.1. Let H = (, σ, α), H′ = (′, σ ′, α′), || = n, and |′| = n′.
By the genus formula, by the definition of the total branch number, and applying Lemma 3.1
(formulas (1), (5) and (6), respectively), we have
B = m (z(σ ′)+ z(α′)+ z(σ ′α′))− (z(σ )+ z(α)+ z(σα))
= m (n′ + 2− 2g′)− (n + 2− 2g).
Recalling that n = mn′, we obtain
B = m (2− 2g′)− (2− 2g),
hence the formula
2g − 2 = m (2g′ − 2)+ B. 2
There are many easy consequences of such a formula, some of which we list in the following
corollaries.
COROLLARY 3.2. Let 8 : H → H′ be a hypermap morphism of degree m, and total
branch number B, and let g and g′ be the genera ofH andH′, respectively. Then the following
hold.
(1) B is even.
(2) g′ ≤ g.
(3) If g = g′ = 1, then 8 is unramified; if g = g′ > 1, then 8 is an isomorphism.
COROLLARY 3.3. Let 8 : H → H′ be a hypermap morphism of degree m, and let g and
g′ be the genera ofH andH′. If 8 is unramified, then
(1) g = 0 implies that 8 is an isomorphism;
(2) g = 1 implies g′ = 1;
(3) g > 1 and m > 1 imply 1 < g′ < g and m | g − 1.
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4. QUOTIENT HYPERMAPS
In [10] a Riemann–Hurwitz formula for quotient hypermaps under the action of an auto-
morphism group is proved. Indeed, quotient hypermaps are easily recovered as a special case
in the context of hypermap morphisms, as we see below.
We recall the definition of hypermap automorphism and quotient hypermap under the action
of an automorphism group (see also [3]). Let H = (, σ, α) be an algebraic hypermap. An
automorphism ofH is an element in the centralizer of G(H) in Sym(). SinceH is transitive,
any non-trivial automorphism has no fixed points in .
Let A be an automorphism group of H. For each x ∈  let Ax be the orbit of x under the
action of A and set  = {Ax | x ∈ }; note that |Ax | = |A|, for each x ∈ . It is easy to
see that for each γ ∈ G(H) we have γ (Ax) = Aγ (x), so γ induces a permutation γ on .
Moreover, 〈σ , α〉 is transitive on , so H = (, σ , α) is an algebraic hypermap. We call H
the quotient hypermap ofH with respect to A.
The projection pi : → , given by x 7→ Ax for each x , determines a hypermap morphism
5 : H→ H. However not any morphism can be obtained in such a way, as one can see in the
following example.
EXAMPLE 4.1. Let  = {1, . . . , 6}, σ = (1 2 3 4 5 6), and α = (1 2 3 4)(5 6), while
′ = {a, b}, and σ ′ = α′ = (a b). Then there exists a morphism from H to H′: in fact, we
can take the morphism determined by the map which sends 1, 3, and 5 to a, and 2, 4, and 6
to b. On the other hand, the automorphism group of H is trivial, so H′ cannot be a quotient
hypermap ofH with respect to any automorphism group.
Machı` [10] proved that
2g − 2 = |A|(2g′ − 2)+
∑
1 6=x∈A
χ(x), (7)
where g and g′ are the genera of H and H, and χ(x) is the sum of the numbers of cycles of
σ , α, and σα fixed by x (the action is given by conjugacy). Then, it is obvious that the degree
of 5 equals |A|. On the other hand,∑
1 6=x∈A
χ(x) =
( ∑
c∈Z(σ )
+
∑
c∈Z(α)
+
∑
c∈Z(σα)
)
(|Ac| − 1), (8)
where Ac is the stabilizer of c. Considering the action of Ac on {c}, we see that |c| =
|pi∗(c)||Ac| for all c ∈ Z(H). Therefore, the above sum equals the total branch number of
5.
Cacciari [1] proved the Riemann–Hurwitz formula for a quotient hypermap with respect to
a congruence, that is, an equivalence relation on a hypermap H which is compatible with the
action of its group G(H). If ∼ is a congruence on H, then one can construct in an obvious
way a quotient hypermapH∼ and a morphism fromH toH∼; and vice versa, if8 : H→ H′
is any morphism, then it determines a congruence ∼ on H such that H∼ is isomorphic to H′.
Thus, the Riemann–Hurwitz formula proved by means of congruences is equivalent to that
proved here for morphisms. Our approach, however, seems to be easier and more natural, and
it gives an insight into the relationship between the two hypermaps involved.
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